We study the bifurcation of positive solutions of a steady-state problem arising in porous-medium combustion:
Introduction
Porous-medium combustion occurs in a number of situations including the burning of cocal, the smouldering of polyurethane, the use of catalytic converters as exhaust filters, and the burning of cigarettes; see [1, 5] . Recently, a model for combustion in a porous medium was developed by Norbury & Stuart [5] . Norbury & Stuart developed a three-dimensional model for a chemical process of the type solid + O 2 -» heat + CO 2 + ash.
Their model represents conservation of mass and energy for both the gas and solid species, while the fluid flow is governed by Darcy's law and the ideal-gas law. Subsequently, in the case of one-space-dimension combustion, they used a number of asymptotic considerations to arrive at a simplified heat-equation model with u(±l, t) = 0 and initial conditions.
In (1.1), u is the dimensional solid temperature, A>0 is the Frank-Kamenetskii parameter, and f{u) is the reaction rate of the chemical reaction, in which e >0 (where e is small) is the reciprocal activation energy, and a s= 0 is a parameter which determines the ratio of the rate of oxygen consumption to that of the solid. Note that combustion of carbonaceous material typically involves a reciprocal activation energy of e ~ 0-1; see [4, 5] . The steady-state equation associated with (1.1) is the two-point boundary-value
For simplicity of computation in the analysis of problem (1.2), we let
and rewrite problem (1.2) as
For problem (1.4), we are interested in positive solutions. More importantly, we are interested in positive solutions, u, with see [4, 5] . Let S = {(A, u): A > 0 and u is a positive solution of (1.4)}.
( such that the bifurcation curve 5 is S-shaped; that is, the bifurcation curve S has exactly two turning points. Moreover, they claimed that (i) problem (1.4) has exactly three_positive solutions for A < A < A,,, exactly two positive solutions for A. < A < A and A = A, exactly one positive solution for 0 < A < A and A = A, and no positive solution for A > A;
(ii) at the turning points (A, uj) and (A, u t ) of the S-shaped bifurcation curve S, ll"rlU<i<IKII-(see Fig. 2 and pp. 254-5 of [4] ).
In this paper, we prove this claim by Norbury & Stuart [4] . Moreover, we give explicit criteria for a unique solution for all A > 0, where a = 0, and for an S-shaped bifurcation curve when a s» 0. Our method is based upon detailed analysis of the time-map formula where F(x) = fof(u) du and a = | | M ||» = u(0). Note that when a = 0 this time-map formula, T(a), has been applied by Norbury & Stuart [5] to the study of the stable positive solution u = u(x, d) of (1.4) with ||u|| 00 >l as d->+°° (see the appendix of [5] for details).
Main results
The main results are given in Theorem 1 for a = 0 and in Theorems 2-4 for a > 0 in which we study the shape of the bifurcation curve 5 of positive solutions for (1.4). For a 5=0 and d>0, we say the bifurcation curve 5 is a monotone curve if the bifurcation curve S has no turning point. That is, problem (1.4) has at most one positive solution for all A >0; see, for example, Fig. l (ii) In addition to (2.5), if
then A > A»; that is, only case 1 occurs (see Fig. 2 (a) and figure 5 of [4] ).
Note that . fd, ita>8,
for some 5 « 0-565 48. For a>0 (compare with a = 0 in Theorem 1), it is interesting that the bifurcation curve 5 is S-shaped if d > 0 is small. This is equivalent to saying that, for any d > 0, the bifurcation curve S is S-shaped if a is sufficiently large. where A(d) is defined in (2.8).
Proofs of Theorems 1-4
For Theorem 4, part i is an immediate consequence of Theorems 2 and 3, and part ii follows easily from part i; see Fig. 3 . In the following, we shall prove 
It is easy to see that finding the inflection point C for f(u) is equivalent to finding the zero point of H(u). Now see theorem 2.9 of [3] . Now (3.19) is the result of a theorem in [2] ; and (3.20) is a well-known result (theorem 2.7 in [3] ). By (3.2)-(3.5), it is easy to see that
Thus:
) is a strictly increasing function on (0, +°°), which implies that T(a) is a strictly increasing function of a on (0, +<»), by (3.1). So the bifurcation curve 5 is a monotone curve.
(ii) If 0(C)<O, then 7"(C)<0 by (3.1). Moreover, since f{x)~l+ax as x-* +00, lim I _^o 6{x) = +oo. Then the same argument used to prove theorem 3 in [6] can be applied to show that the corresponding time map T(a) to/(u) has exactly two critical points, one local maximum and one local minimum, on (0, +oo). That is, by (1.7), the bifurcation curve 5 is S-shaped. • The proof of part ii of Lemma 6 showing that the bifurcation curve is S-shaped is also of general interest for nonlinearities. We write it as the next theorem. Then, in addition to (3.18)-(3.20), the bifurcation curve 5 is S-shaped.
We are now in a position to prove Theorems 1-3.
Proof of Theorem 1 Now (2.1) and (2.2) follow from Lemma 6. Moreover, by (3.6), for a = 0, we have C = 1.
(i) It can be shown that
Thus, by Lemma 6, the bifurcation curve S is a monotone curve for 0 < d =£ 2.
( 
and hence Lemma 6 implies that T'(C) < 0 (C > 1) and that the bifurcation curve S is S-shaped. Similarly, as before, by the graph of T(a) on (0, +°°) and by (1.7), at the turning points (A, uj) and (A, u^) of the S-shaped bifurcation curve 5
In addition to (2.5), suppose (2.7) holds, we next show that A~> A., ( = Jt 2 /4a).
In the above, we know that C>1 and that the time map T(a) has exactly one critical point, a local maximum, say at a = a < C on (0, C). Then, by (1.7), for some £>, with 0 < u < b < \, by the mean value theorem.
Since f'(u)>0 on (0,
which is equivalent to (2.7), that is, to That is, in addition to (2.8), if (2.9) holds then A > A». •
A conjecture
We finish by giving a conjecture for the bifurcation diagram for problem (1.4). By Theorems 1-4, and by some numerical evaluation, we advance the conjecture that, for any a^O and for d>0, problem (1.4) has at most three positive solutions for each A > 0. Moreover, on defining the sets 
